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ABSTRACT. Kleiner gave a new proof of Gromov’s theorem on groups of polynomial
growth by demonstrating directly that the space of Lipschitz harmonic functions
on a finitely generated group of polynomial growth is both nontrivial and finite-
dimensional. In this paper, adapting some ideas of Ozawa, we present a new and
shorter proof of Kleiner’s theorem. Notably, our proof produces a dimension bound
for the space of Lipschitz harmonic functions that is linear in the degree of growth,
while Kleiner’s original argument gives only an exponential bound. We also briefly
discuss potential implications of this method in establishing new lower bounds for the
growth of non-virtually-nilpotent groups.

1. INTRODUCTION

The celebrated theorem of Gromov [G2] states that finitely generated groups of
polynomial growth are virtually nilpotent. This theorem has since influenced many
areas of geometric group theory and related fields. While Gromov relied on the solution
to Hilbert’s fifth problem, Kleiner [K] (building on ideas of Colding—Minicozzi) later
gave a new proof by examining the space of Lipschitz harmonic functions on groups of
polynomial growth, showing that this space is always nontrivial and finite-dimensional.
It follows that any infinite finitely generated group G of polynomial growth admits a
finite-dimensional linear representation G — GL,(C) with infinite image. The proof
of Gromov’s theorem is completed by appealing to the Tits alternative and applying
induction on the degree of polynomial growth.

More recently, Ozawa [O] gave a functional-analytic proof of Gromov’s theorem based
on reduced cohomology, Shalom’s property Hrp, and entropy arguments.

In this paper we give a new short proof of Kleiner’s theorem on the finite-dimensionality
of the space of Lipschitz harmonic functions. Our method borrows some ideas from the
work of Ozawa but applies them directly in the concrete context of Lipschitz harmonic
functions. We thus obtain a comparatively short proof of Gromov’s theorem.

We work in the setting of an arbitrary vertex-transitive graph, as the proof is no
more difficult in this (superficially) more general context, and indeed some aspects are
clarified. Fix a connected, locally finite, vertex-transitive graph I". The motivating case
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is I' = Cay(G, S) where G is a finitely generated group, S = S~! is a symmetric finite
generating set not containing the identity, and I" = (G, E') where

E={{g,95}: g€ G, s € S},

so that G acts vertex-transitively on I' on the left by graph automorphisms. The reader
will lose nothing by working exclusively in this case if preferred. Write r for the common
degree of every vertex v € V(I') (so, r = |S| in the case of a Cayley graph I' = Cay(G, S)).
In general, we write v ~ w to mean that vw € FE(T") and we write Np(v) for the set of
vertices adjacent to v.

A function f: V(I') — C is called Lipschitz if

[fllpip = 535 |f(v) = f(w)] < o0

and harmonic if )
)= fw) (e V(D).
wn~v
Let Hr(T") denote the space of Lipschitz harmonic functions on T'.
Finally, let Br(v,n) denote the ball of radius n around a vertex v € V(I') and write
b(n) := |Br(v,n)|. Note that, by vertex transitivity, b(n) is indeed independent of v, as
the notation suggests. We say that I' has weakly polynomial growth of degree d if

d = liminf(log b(n)/logn) < cc.
n—oo
The following is our main result.

Theorem 1.1. Suppose I is a connected, r-reqular, vertex-transitive graph with weakly
polynomial growth of degree d. Then

dim Hy(T) < 4r%d + 1.

Remarks.

(1) In the other direction, we have dim Hr,(I') > 1 whenever I is infinite. For this
easier result, see the original argument of Kleiner [K, §4], Lee—Peres [LP], or Shalom—
Tao [ST, §6]. The last was recently adapted to the vertex-transitive setting in [ABGK].

(2) Kleiner’s proof that dim Hy(I') < oo applies more generally when the space of
Lipschitz harmonic functions is replaced by the space of harmonic functions f: V(I') — C
obeying a polynomial growth condition

|f(v)] = O(dr (v, v0)")
for any fixed exponent k (where vy € V(T') is any fixed vertex). We do not know how to
adapt our proof to this more general setting. Kleiner’s argument can also be generalized
to arbitrary vertex-transitive graphs, as here.

(3) It is especially notable that our bound on the dimension is linear in d, while
Kleiner’s bound is exponential in d* (see [K, §3.5] or [ST, Theorem 7.1]). On the other
hand a sharp bound for dim H(T") is known a posteriori by the following reasoning.
First, Trofimov’s extension of Gromov’s theorem [T] implies that I" is equivalent up to
finite-fibre maps to a Cayley graph Cay(G, S), where G is a suitable finitely generated
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virtually nilpotent quotient of Aut(I'), and such that the maps are Aut(I')-equivariant
graph homomorphisms. One may check then that Hp(I') = H(Cay(G, S)). Moreover, if
N < G is a finite-index nilpotent subgroup then every Lipschitz harmonic function on G
may be identified with an affine-linear function on N/N’ by a result of Alexopoulos [A]
(see also [MPTY]), so dim Hy(G) — 1 is just the torsion-free rank of N/N’, which is at
most d by the Bass—Guivarc’h formula. Thus dim#H(I') < d + 1.

This deep exact result notwithstanding, it is desirable to have a direct bound on
dim H 1, (G) that is close to optimal. Shalom and Tao [ST] obtain a superpolynomial lower
bound on the growth of non-virtually-nilpotent groups, by finding a quantitative “single-
scale” analogue of Kleiner’s proof of Gromov’s theorem. The exponential dimension
bound on dim H,(G) given by Kleiner’s argument is an obstacle (though seemingly not
the unique one) to improving the form of the superpolynomial rate they obtain.

2. AN ENTROPY BOUND
The key entropy inequality was used implicitly in [O, §3—4], but a particularly clear
formulation is given in Benjamini-Duminil-Copin—-Kozma—Yadin [BDCKY, Appendix A].
To introduce it we briefly recall some information-theoretic formalism. The entropy of a

finitely supported probability measure p: 2 — [0, 1] (identified with its mass function)
is defined by

= plx)log(1/p()).
z€eQ

We will also write H[X] for H(p) if X is a finitely supported random variable on Q with
law p (we use square brackets to indicate that a function is applied to the distribution
of a random variable rather than its value). For a jointly distributed random variable
(X,Y) on say Q = Q; x Qg, we write H[X,Y] to mean H[(X,Y)] etc., and define the
conditional entropy

HIX |Y]= Y pr(yHIX | Y =y| = HX,Y] - HY]
yEQ2

where py : Qo — [0, 1] is the marginal density of Y. The mutual information of coupled
random variables X and Y is

I[X;Y] = H[X] + H[Y] - H[X,Y].

The entropy subadditivity inequality states H[X,Y] < H[X]| + H[Y]; equivalently,
I[X;Y] > 0. See e.g. Gray [G1] for further background.

Lemma 2.1. Let (X,Y) be a finitely supported coupled pair of random variables on
some sample space 1 x Q9 and let f: Q1 — C be a complez-valued function. Then

By [|Exy [f(X) | Y] - Ex[£(X)]]] < 21[X;Y]V2(Ex [|£(X)]) 2.
Proof. See [BDCKY, Corollary 18]. a
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Now consider a connected, locally finite, vertex-transitive graph I' as above. For
ve V(D), let

v= XU, XV, XI, ... (2.1)

be the simple random walk on I' based at v, where X is chosen uniformly at random
from the neighbourhood Ny (X}_;) of X" _, for each n > 1, independently of earlier
choices. Let p;, be the law of X}.

Since I' is vertex-transitive, the measures p and p;’ are the same up to an au-
tomorphism of I'. In particular H(u?) does not depend on v, so we may define
H, := H(py). It follows directly that H[X", | X?] = H, for any n,k > 0 and
veV(D),as (X7, | Xp =w) has law py. The incremental entropy of the random walk
is h(n) = H,, — H,—1. Note that

1[X5; X7 = H[Xp] - H[X;, | X{] = Hp — Hno1 = h(n). (2:2)

Lemma 2.2. Let f : V(I') = C be a complex-valued function, let v € V(I'), and let
Y = X7. Then

Ey [[E[f(X2) | Y] - E[f(X2)]|] < 2h(n)2(B] F(X2)2])">.

Proof. This is immediate from Lemma 2.1 and (2.2) (cf. [BDCKY, Proposition 19]). O

One can show that h(n) is nonnegative, monotonically decreasing, hence convergent,
and

nh_)n(f)lo h(n) = nh_)IIolo(Hn/n) < nh_}n;()(log b(n)/n). (2.3)
Similarly,
o < i T
hnrr_lg.}f nh(n) < hnII_l>loréf(Hn/ logn) < hnrggf(log b(n)/logn). (2.4)

Indeed, if h(n) > ¢/n for some constant ¢ > 0 and all sufficiently large n then
n
H, = Z h(m) > clogn — O(1)
m=1

for all n, which implies liminf(H,/logn) > c¢. The second inequality of (2.4) holds
exactly as in (2.3), namely because H,, < logb(n) (since X! is supported on Br(v,n)).

Remark 2.3. There are examples such as the Cayley graph of the lamplighter group
G = (31 Z for which lim h(n) = 0 while limlogb(n)/n > 0. Thus the inequality (2.3)
is not sharp, even qualitatively. On the other hand, regarding (2.4), liminf nh(n) < oo
if and only if liminf(logb(n)/logn) < oco. Indeed, if nh(n) < C then Hy, — H, =
Zf:zn 41 h(m) < nh(n) < C. If this holds for infinitely many n and a fixed constant C
then I' has polynomial growth by [B, Theorem 1.3]. This answers a side question in [O].
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3. LIPSCHITZ HARMONIC FUNCTIONS

We now turn to the proof of Theorem 1.1. In view of (2.4), it suffices to prove the
claimed bound

dim Hp(T) < 4r%d + 1
with d = liminf, o nh(n). Let V.= "H(T') and W = V/C, where C C V denotes the
subspace of constant functions. Then H-HLip defines a seminorm on V' and a genuine
norm on W. The idea of the proof of Theorem 1.1 is that [|-[| ;, is actually equivalent
to a natural inner product norm, which implies that W is finite-dimensional.
For v € V(T') write v = X§, X{, X3, ... for the random walk on I' starting from v as
n (2.1). For f: V(I') — C, define positive semi-definite hermitian quadratic forms

E*(f) = E[If(X}) - F(X3)I],

L(f) = E[lf(Xn0) — FEG)IP],

T (f) = JE[F(X3) — F(X5)].
These polarize to binary hermitian forms in the usual way, and we use the notation
E*(f1, f2) etc. for the binary forms. Note that I})(f) < Hinip for any f € V, since

dr(X) ., X;) <1
If f is harmonic, we have that (for any v € V(I"))

By, i PG | X3 =1 3 7o) = A0

n
yENT(XY)

that is, f(X})) is a martingale. It follows that the differences f(X7) — f(X{), f(X3) —
F(XD), ..., f(X}) — f(X}_,) are uncorrelated, and so the variance of their sum is the
sum of their variances:

n—1
)= S I (31)
m=0

In particular, JY(f) < Hinlp for all f e V.

Let (n;)i>1 be a strictly increasing sequence such that n;h(n;) — d as i — oco. Pick a
nonprincipal ultrafilter p containing {n; : ¢ > 1} and define JV(f) = lim,, JJ(f) for
f € V. Note that JV is again a hermitian quadratic form.

Lemma 3.1. Assume limh(n) =0 (e.g., d < o0). Then J = J" does not depend on v.

Proof. Define F': V(I') - R by F(v) = EY(f). Then ||F|o < Hinip and IV(f) =
E[F(X;{)] Applying Lemma 2.2 to F', we get

By [[L1(f) = LN < 2h0)' 2 |1 £IIE, -

Letting n — oo, it follows that |1 (f) — I2(f)| — 0 for all vw € E(I'). By (3.1) it
follows that JY(f) — J¥(f) — 0 as n — oo. Thus JY(f) = J¥(f) for all vw € E(T"), and
hence for all v,w € V(I") since I is connected. U
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Proposition 3.2. For f € V we have
J() < Iy < 4r%d - T(f),
In particular J is positive-definite on W if d < oo.

Proof. The first inequality is immediate from (3.1), so we focus on the second. By the
martingale property, f(v) = f(X{§) = Ex [f(X})] and f(X7) = EX;“Xf [f(XD) | X7
Applying Lemma 2.2 to f — f(v), it follows that
v v 1/2 v
E[|£(X}) — F()[] < 2h(n) 2 (B[IF(X2) — F0)1?])"* = 2 (nh(n) J2(1) /2.
Letting n — p, we get
E[|f(X7) = ()] < 2d2(f)"/?

and hence
max |f(w) = f(v)] < 2rd"2J(f)!/?
wENT(v)
by definition of X7{. Taking the supremum over v € V(I") gives the result. O

We can now complete the proof of Theorem 1.1. Fixing an edge e = vw € E(T),
consider the linear functional ¢ : W — C defined by ¢(f) = f(w) — f(v). By Proposi-
tion 3.2,

() < il < C2I()2,
where C' = 4r2d. Hence, the dual norm of p: W — C obeys |l¢|/;» < CY2. Let
fi,---, fr € V be J-orthonormal. We have

k k
S le(f)l = (Z@(f)f) < el
=1 =1

and so, rearranging,

k

> e(fi)f:

i=1

= |le
J

. 1/2
- (Z Iso(fi)\2>
=1

k k
Yo 1filw) = fi)P =Y le(f)P < llell3- < C.
1=1

i=1
Fixing v € V(T') and averaging over w € Np(v) gives

k k k
M EUf)<C, and Y IN(fi)=E | E*n(f)| <C.
i=1 i=1 i=1
Now (3.1) implies
k k 1 n—1
DI =D In(f)<C
i=1 i=1 m=0
It follows that
k k
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This proves that dim W < C, as claimed.
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