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RANDOM CIRCULANT DETERMINANTS

SEAN EBERHARD AND PADRAIG Ó CATHÁIN

Abstract. We show that asymptotically almost all n × n circulant
matrices with ±1 entries have determinant ±e−(γ+o(1))n/2nn/2. A similar
result is also proved for G-invariant ±1 matrices of order n for any abelian
group G of order n.

1. Introduction

Let M be an n× n matrix with entries ±1. By the well-known Hadamard
bound, det(M)2 ≤ nn. Matrices achieving equality are called Hadamard
matrices. It was first observed by Turán that, if M is chosen uniformly
at random, E

[
det(M)2

]
= n! [Tur40]. By Stirling’s approximation n! =

e−n+o(n)nn, which implies that random matrices are generally far from
Hadamard. More recently it was shown by Tao and Vu that det(M)2 = n!eo(n)

with high probability [TV06].
Now consider a random circulant matrix with ±1 entries, i.e., a matrix

M of the form

M = (ai−j)i,j∈Z/nZ (a0, . . . , an−1 = ±1).

For matrices of this form we show that the typical determinant is actually
much larger than n!1/2, though still much less than nn/2, and the precise
estimate involves an (initially) surprising appearance of the Euler–Mascheroni
constant.

Theorem 1.1. Asymptotically almost all n× n circulant matrices satisfy

det(M)2 = e−γn+o(n)nn,

where γ = 0.577 . . . is the Euler–Mascheroni constant.

Remark 1.2 (Symmetry). The distribution of det(M) is symmetric about
zero. Indeed, if P is the permutation matrix representing an n-cycle then
the map M 7→ −PM is an involution of the set of n× n circulant matrices
with ±1 entries such that det(−PM) = −det(M) for all M .

Remark 1.3 (Even moments). The even moments of det(M) are heavily
skewed by extreme values. Since the sample space has cardinality only 2n, if
there is even a single circulant Hadamard matrix of order n then

E
[
det(M)4

]
≥ 2−nn2n.
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There are no circulant Hadamard matrices for 4 < n < 4 · 1033 [LS16],
but there are circulant matrices which come within a linear factor of the
Hadamard bound. For example, if n is prime and M = (ai−j)i,j∈Z/nZ with

ax =
(
x
n

)
for x ̸= 0 and a0 = 1 then det(M)2 = (n±1)n−1 ≍ nn−1. Moreover,

computational evidence suggests that large determinants are not restricted
to prime orders [BY18]. Based on this observation it seems likely that the
even moments of det(M) are asymptotically given by

E
[
det(M)2k

]
=

{
e−γn+o(n)nn : k = 1,

2−n+o(n)nkn : k ≥ 2.

Note that Theorem 1.1 in particular asserts that asymptotically almost
all n× n circulant matrices are nonsingular. Estimates for the singularity
probability for circulant matrices were given by Meckes [Mec09, Theorem 6],
and an asymptotic formula was recently given by Miller [Mil24].

Theorem 1.1 is a special case of a more general result about random G-
invariant matrices, where G is an arbitrary abelian group of order n (written
additively). Let Mat(G) denote the set of G2-indexed G-invariant matrices
with ±1 entries, i.e., matrices of the form

M = (ax−y)x,y∈G, (ax = ±1 for x ∈ G).

We study the asymptotic proportion of nonsingular matrices in Mat(G) as
well as the typical determinant of a nonsingular matrix. Recall that the
Vinogradov notation f ≪ g means f ≤ O(g).

Theorem 1.4. Let G be an abelian group of order n, where n → ∞. Let nd

be the number of elements of order d in G for d ∈ {2, 3, 4, 6}.
(1) Asymptotically almost all nonsingular matrices in Mat(G) satisfy

det(M)2 = e−γn+o(n)2−n2nn.

(2) The proportion of nonsingular matrices in Mat(G) is bounded away

from zero, and tends to 1 unless n2 ≫ n1/2 or n3 + n4 + n6 ≫ n.
(3) Assume either min(n2, n3) → ∞ or n6 = n2n3 = o(n). Then the

proportion of nonsingular matrices in Mat(G) is

1

6
(1 + e−λ2n2/n1/2−λ4n4/n)(2 + e−λ3n3/n)e−λ6n6/n + o(1),

where

λ2 = 2
√

2/π, λ3 = 3
√
3/π, λ4 = 4/π, λ6 =

√
3/π.

To illustrate the nonsingularity formula, consider the case of G = Cm
d

where d ≥ 2 is fixed and m → ∞. Then Theorem 1.4 asserts that the
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proportion of nonsingular matrices in Mat(Cm
d ) tends to the constant

1/2 : d = 2,

(2 + e−λ3)/3 = 0.730 . . . : d = 3,

(1 + e−λ2−λ4)/2 = 0.528 . . . : d = 4,

e−λ6 = 0.576 . . . : d = 6,

1 : otherwise.

Moreover, the nonsingularity formula is minimized with value e−λ6/2 =

0.288 . . . when n2/n
1/2 → ∞ and n6/n → 1, for example for the sequence

G = Cm
2 × Cm

6 ,
The technical condition in part (3) is necessary. We are not certain of

the asymptotic singularity probability for groups such as G = Cm
2 × C3 or

G = C2×Cm
3 , but we guess the following is true. If n2 ≪ 1, the nonsingularity

probability is (
2 + e−3λ6n3/n

3

)1+n2

+ o(1).

If n3 ≪ 1, the nonsingularity probability is

1

2
(1 + e−λ2n2/n1/2−λ4n4/n)

(
3 + e−8λ6n2/n

4

)n3/2

+ o(1).

One can check that these formulas tend towards agreement with Theorem 1.4
as n2, n3 → ∞.

2. Notation

If G is an abelian group we write Ĝ for the group of characters χ : G → C×.
When G is finite of order n we elect to use the counting measure on G and
the uniform measure on Ĝ. Thus, for f ∈ L2(G), our convention is that

f̂(χ) =
∑
x∈G

f(x)χ(−x), f(x) =
1

n

∑
χ∈Ĝ

f̂(χ)χ(x).

We will also use Fourier analysis on various Euclidean spaces and we will be
explicit about our normalization in due course.

We use standard asymptotic notation including big-O and little-o. The
notation Ok(·) indicates that the implicit constant may depend on the
parameter k. As mentioned previously, the Vinogradov notation f ≪ g
means f ≤ O(g), f ≍ g means f ≪ g and f ≫ g, and f ∼ g means f/g → 1.

The notation [E] is used for the indicator of an event E. To avoid unwieldy
superscripts, e2πix is abbreviated in places to e(x).
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3. Idea

Let M ∈ Mat(G). Define f : G → {±1} to be a function equal to the
first row of M . Then f is a uniformly random ±1 function on G, and M
represents the linear map of L2(G) defined by convolution with f , so the
eigenvalues of M are just the Fourier coefficients of f . In particular

det(M) =
∏
χ∈Ĝ

f̂(χ).

Thus M is nonsingular if and only if f̂(χ) ̸= 0 for all χ ∈ Ĝ. In view of
Remark 1.3 it is clear that det(M) has super-exponential growth, and the key
question is to estimate its decay from the Hadamard bound, so we consider

log(det(M)2/nn)/n =
1

n

∑
χ∈Ĝ

log
(
|f̂(χ)|2/n

)
.

Letting µf denote the law of the discrete random variable χ 7→ |f̂(χ)|2/n
(where χ ∈ Ĝ), we can express this equivalently as

log(det(M)2/nn)/n =

∫
log x dµf .

We will prove Theorem 1.1 and Theorem 1.4(1) by justifying a natural limit
law for µf as |G| → ∞. Let Z ∼ NC(0, 1) be a stanard complex Gaussian

random variable, which has density function e−|z|2/π. Let µC denote the law
of |Z|2. In the case G = Cn we will show that µf converges weakly to µC,
and thus (ignoring for the moment the issue at zero) Theorem 1.1 will follow
by recalling the identity

E
[
log
(
|Z|2

)]
=

∫ ∞

0
e−t log t dt = Γ′(1) = −γ. (3.1)

In the case of an arbitrary abelian group G we must revise this model
slightly. Let r = n/(n2 + 1) be the index of the 2-torsion subgroup G[2] =
{g ∈ G : 2g = 0}. Then a proportion 1/r of the characters χ are real, and
we should rather compare this part of the spectrum with a real Gaussian
X ∼ NR(0, 1), for which by contrast

E
[
log(|X|2)

]
=

1√
2π

∫ ∞

0
e−t/2t−1/2 log t dt = −γ − log 2. (3.2)

Let µR denote the law of |X|2 where X ∼ NR(0, 1). In general we will show,
using the method of moments, that

µf ≈ (1− r−1)µC + r−1µR.

Theorem 1.4(1) will follow from this, but since log x is not a bounded

function we must take special care with the extreme values of |f̂ |. For

example, if there is any χ for which f̂(χ) = 0 then obviously det(M) = 0. To
finish the proof of part (1) of Theorem 1.4 we must show that the nonzero
extreme values do not contribute significantly. This is the more difficult part
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of the proof. We also show that with high probability there are no zero
Fourier coefficients unless n2 ≫ n1/2 or n3 + n4 + n6 ≫ n, so in particular
this will complete the proof of Theorem 1.1.

To prove part (2) of Theorem 1.4 we will establish a conditional Poisson

model for the number of characters χ ∈ Ĝ such that f̂(χ) = 0. It is easy to
prove that only the characters of order d ∈ {2, 3, 4, 6} are important here, so
we may restrict to these characters. Now for any fixed character χ of order
2, the Fourier coefficient f̂(χ) is just the result of a random walk of length n
in Z with ±1 steps, so by Stirling’s approximation

P
[
f̂(χ) = 0

]
= 2−n

(
n

n/2

)
∼ (2/π)1/2n−1/2.

Similarly, for characters of order d = 3, 4, 6, one can compare f̂(χ) with a
random walk on a square or triangular lattice in the plane, and this leads to
the approximation

P
[
f̂(χ) = 0

]
∼

{
(4/π)n−1 : d = 4,

(2
√
3/π)n−1 : d = 3, 6.

These approximations immediately suggest a rare-events-type model for
the number of characters χ such that f̂(χ) = 0. However, there are two
important obstructions to bear in mind. Let H be the number of x ∈ G such
that f(x) = 1. If f̂(χ) = 0 for some character χ of order 2 or 4 then H must

be even. Similarly, if f̂(χ) = 0 and χ has order 3 then H must be divisible
by 3 (while if χ has order 6 there is no divisibility obstruction). Furthermore,

since f is real-valued, f̂(χ̄) = 0 if and only if f̂(χ) = 0. Taking account of
these corrections, it is reasonable to guess that the number of conjugate pairs
of characters χ ∈ Ĝ such that f̂(χ) = 0 converges to the model

Pois(λ2n2/n
1/2 + λ4n4/n)[2 | H] + Pois(λ3n3/n)[3 | H] + Pois(λ6n6/n),

where λ2, λ3, λ4, λ6 are the constants defined in the introduction, and this is
indeed what we prove.

Unfortunately we must exclude the cases in which min(n2, n3) ≪ 1 and
n6 ≫ n. In these cases the characters of order 6 do not behave sufficiently
independently.

Finally, as a technical point, note that to prove Theorem 1.4 it suffices
to show that an arbitrary sequence of abelian groups G = Gi of order
n = ni tending to infinity has a subsequence satisfying the conclusion of
the theorem. This basic observation simplifies matters by allowing us to
assume by compactness that various quantities converge. For example we
may assume nd/n converges (necessarily to a point of {1, 1/2, 1/3, . . . }∪{0})
for each d ∈ {2, 3, 4, 6}.
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4. Bulk

The following calculation may be largely familiar to experts in additive
combinatorics or harmonic analysis. See, e.g., [Gre01, Section 4.5].

Lemma 4.1. Let G be an abelian group of order n and let r be the index of
G[2] = {g ∈ G : 2g = 0}. Let f : G → {±1} be uniformly random. For any
nonnegative integer k, let

m2k =
1

n

∑
χ∈Ĝ

|f̂(χ)|2k.

Then

(1) E [m2k]/n
k = (1− r−1)k! + r−1 (2k)!

2kk!
+Ok(n

−1),

(2) Var [m2k]/n
2k ≤ (4k)!

22k(2k)!
n−1.

Proof. By expanding the definition of the Fourier transform,

|f̂(χ)|2k = f̂(χ)kf̂(χ)k

=
∑

x1,...,x2k∈G
f(x1) · · · f(x2k)χ(x1 + · · ·+ xk − xk+1 − · · · − x2k).

Recalling that
∑

χ∈Ĝ χ(x) vanishes unless x = 0, in which case the value is

n, it follows that

m2k =
1

n

∑
χ∈Ĝ

|f̂(χ)|2k =
∑

x1,...,x2k∈G
ℓ(x)=0

f(x1) · · · f(x2k),

where

ℓ(x) = x1 + · · ·+ xk − xk+1 − · · · − x2k.

Say a 2k-tuple (x1, . . . , x2k) is paired its entries can be arranged into k pairs
of equal elements. The expectation of f(x1) · · · f(x2k) is 1 if (x1, . . . , x2k) is
paired and zero otherwise. Therefore E [m2k] is exactly the number of paired
2k-tuples x ∈ G2k such that ℓ(x) = 0.

A pairing is a partition of {1, . . . , 2k} into k pairs. Call a pairing good if
each pair contains one element of {1, . . . , k} and one element of {k+1, . . . , 2k},
and bad otherwise. The number of pairings is (2k)!/(2kk!), of which k! are
good. If x ∈ G2k is paired by a good pairing then ℓ(x) = 0 automatically.
On the other hand, if x is paired by a bad pairing p, say with 2t > 0 pairs
not crossing the partition, then ℓ(x) = 0 reduces to an equation of the form

2(x1 + · · ·+ xt − xt+1 − · · · − x2t) = 0,

i.e.,

x1 + · · ·+ xt − xt+1 − · · · − x2t ∈ G[2].

It follows by choosing x1 last that the number of 2k-tuples paired by p and
satisfying ℓ(x) = 0 is nk/r. Finally, for any two pairings p ̸= q, the number
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of 2k-tuples paired by both p and q is O(nk−1). We therefore have

E [m2k] =
(
k! + r−1((2k)!/(2kk!)− k!)

)
nk +Ok(n

k−1).

This proves (1).
Next,

m2k −E [m2k] =
∑

x∈G2k

unpaired
ℓ(x)=0

f(x1) · · · f(x2k),

so

(m2k −E [m2k])
2 =

∑
x,y∈G2k

unpaired
ℓ(x)=ℓ(y)=0

f(x1) · · · f(x2k)f(y1) · · · f(y2k).

Again, each term in the sum above is either identically 1 or of mean zero,
and the former holds if and only if the 4k-tuple (x1, . . . , x2k, y1, . . . , y2k) is
paired. The variance Var [m2k] is therefore exactly the number of paired
4k-tuples (x, y) such that x and y are unpaired and ℓ(x) = ℓ(y) = 0. The
number of pairings of {1, . . . , 4k} is (4k)!/22k(2k)!. Of these, we can ignore
those that restrict to pairings on {1, . . . , 2k} and {2k + 1, . . . , 4k}. For any
other pairing p, when we count the 4k-tuples paired by p and satisfying
ℓ(x) = ℓ(y) = 0, there is some variable xi paired with some variable yj . The

number of possible values of all the other variables is at most n2k−1, after
which the linear relation ℓ(x) = 0 determines xi = yj . Thus there are at

most n2k−1 4k-tuples paired by p and satisfying ℓ(x) = ℓ(y) = 0. This proves
part (2). □

Proposition 4.2. Let (Gn)n∈I be a sequence of abelian groups such that
|Gn| = n and rn = [Gn : Gn[2]] converges to r ∈ Z+ ∪ {∞}. Let fn be a
random ±1 function on Gn. As in the previous section let µf denote the

law of the random variable χ 7→ |f̂(χ)|2/n and let µ = (1− r−1)µC + r−1µR.
Then there is a subsequence (Gn)n∈I′ such that µfn converges weakly to µ
almost surely.

Proof. By a standard exercise in integration by parts,∫
xk dµC = k!,

∫
xk dµR =

(2k)!

2kk!
.

Therefore the kth moment of µ is ck = (1 − r−1)k! + r−1(2k)!/(2kk!). By
[Bil95, Theorem 30.1], µ is determined by its moments. On the other hand the
kth moment of µfn is m2k/n

k, which by the prevous lemma and Chebyshev’s
inequality converges to ck in probability. By passing to a subsequence
we may assume m2k/n

k → ck almost surely for all k ≥ 0. Now applying
[Bil95, Theorem 30.2], it follows that µfn converges weakly to µ almost
surely. □



D
RA
FT

8 SEAN EBERHARD AND PADRAIG Ó CATHÁIN

Remark 4.3. Instead of using the method of moments directly, it is also
possible to proceed using quantitative versions of the central limit theorem.
See the results of Meckes [Mec09,Mec12]. In particular Proposition 4.2 is
actually a special case of [Mec12, Theorem 4.1]. The above proof is included
in the present paper because it is comparatively short.

5. Tails

The following lemma may be of independent interest.

Lemma 5.1. Let ζ be a primitive dth root of unity. Let n be a multiple of d
and let

Z =
d−1∑
i=0

Xiζ
i,

where X0, . . . , Xd−1 are independent random walks in Z of length n/d with
±1 steps. Then, for t ≥ 0,

P
[
|Z|2 ≤ tn

]
≪

{
t1/2 + n−1/2 : d ≤ 2,

t+ d−2n−1 log n : d ≥ 3.

Proof. First assume d ≤ 2. Then Z is just a standard ±1 random walk in Z
with n steps, in particular integer-valued, and

P [Z = 2k − n] = 2−n

(
n

k

)
≪ n−1/2.

It follows immediately that

P
[
|Z| ≤ (tn)1/2

]
≤ (2(tn)1/2 + 1)n−1/2 ≪ t1/2 + n−1/2.

Now assume d ≥ 3. We use a Fourier-analytic approach in the spirit of
[TV10, Section 7.2]. Let µ be the law of Z. Then the Fourier transform (or
characteristic function) of µ is

µ̂(w) = E [e(−⟨w,Z⟩)] =
d−1∏
i=0

cos(2π⟨w, ζi⟩)n/d. (5.1)

Here ⟨w, z⟩ = ℜ(w̄z).
First consider (5.1) for w close to 0. Using the approximation

log cos(2πx) = −2π2x2 +O(x4) (|x| ≤ 1/5), (5.2)

we have

µ̂(w) = exp

(
−2π2n

d

d−1∑
i=0

⟨w, ζi⟩2 +O(n|w|4)

)
(|w| ≤ 1/5).

Since d ≥ 3,

d−1∑
i=0

⟨w, ζi⟩2 =
d−1∑
i=0

1

4

(
w̄2ζ2i + 2ww̄ + w2ζ−2i

)
= d|w|2/2.
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Thus

µ̂(w) = exp
(
−π2n|w|2 +O(n|w|4)

)
(|w| ≤ 1/5).

We therefore have an estimate of the form

0 < µ̂(w) ≤ e−c1n|w|2 (|w| ≤ c1),

for some constant c1 > 0.
Now consider the range c1 ≤ |w| ≤ c2d, where c2 = min(c1/10, (8π)

−1).
This range is empty if d ≤ 10, so we may assume d > 10. Assuming ζ = e(1/d)
without loss of generality, we have |ℜ(w̄ζi+1) − ℜ(w̄ζi)| ≤ 2π|w|/d for all
i. It follows that every subinterval of [0, |w|] of length at least 2π|w|/d
contains at least one value of ℜ(w̄ζi). If |w| ≤ 1/2, we deduce that there
are ≫ d values of i such that ℜ(w̄ζi)/|w| ∈ [1/4, 3/4], which implies that
ℜ(w̄ζi) ∈ [c1/4, 3/8]. If |w| > 1/2, there are ≫ |w| subintervals of [0, |w|] of
the form [1/8, 3/8] +m (m ∈ Z), and each of these contains ≫ d/|w| disjoint
subintervals of length at least 2π|w|/d (since 2π|w|/d ≤ 1/4). Thus there
are ≫ d indices i such that ℜ(w̄ζi) has fractional part in [1/8, 3/8]. Thus, in
either case, from (5.1) we have an estimate of the form

|µ̂(w)| ≤ e−c3n (c1 ≤ |w| ≤ c2d).

Now, since1 [
|z|2 ≤ R

]
≤ eπ−π|z|2/R,

we have

P
[
|Z|2 ≤ R

]
≤ eπ

∫
e−π|z|2/R dµ.

Recalling that e−π|z|2/R has Fourier transform Re−πR|w|2 , by Plancherel’s
identity we have ∫

e−π|z|2/R dµ = R

∫
C
e−πR|w|2 µ̂(w) dw.

We can bound the integral using our bounds for µ̂. The integral over the
range |w| ≤ c1 is bounded by∫

C
e−c1n|w|2 dw ≍ 1/n.

The integral over the range c1 ≤ |w| ≤ c2d is bounded by∫
C
e−πR|w|2−c3n dw ≍ e−c3n/R.

Finally, since |µ̂(w)| ≤ 1 the integral over the range |w| ≥ c2d is bounded by∫
|w|≥c2d

e−πR|w|2 dw = R−1

∫
|w|≥c2R1/2d

e−π|w|2 dw ≪ e−c2Rd2d/R1/2.

1Recall that we use the Iverson bracket notation [P ], which is defined to be 1 if P is

true and 0 otherwise. Here, this is the characteristic function of the disk of radius
√
R,

and the inequality is to be understood pointwise.
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If R ≥ 10c−1
2 (log n)/d2 ≫ 1/n2, this last quantity is no larger than n−10dn1 ≤

n−8. Thus, provided R ≥ 10c−1
2 (log n)/d2, the integral is bounded by

O(1/n+ e−c3n/R+ e−c2Rd2d/R1/2) = O(1/n),

and we have P
[
|Z|2 ≤ R

]
≪ R/n. Set R = tn + C(log n)/d2 to get the

result. □

Lemma 5.2. Let Z be as in the previous lemma. Then

P [Z = 0] ≤ min(O(d/n)1/2, 1/2)φ(d) ≪


n−1/2 : d ∈ {1, 2},
n−1 : d ∈ {3, 4, 6},
n−2 : otherwise.

Moreover if Z ̸= 0 then

n1−φ(d) ≤ |Z| ≤ n.

Proof. Let L : Qd → Q[ζ] ∼= Qφ(d) be the linear map defined by

L(x) =
d−1∑
i=0

xiζ
i.

By Gaussian elimination there is a set S ⊂ {0, . . . , d− 1} of cardinality φ(d)
such that if L(x) = 0 then the variables (xi)i∈S are determined (linearly) by
the others. By conditioning on the values of (Xi)i/∈S , it follows that

P [Z = 0] = P [L(X0, . . . , Xd−1) = 0] ≤
∏
i∈S

max
y

P [Xi = y]

≤ min(O(d/n)1/2, 1/2)φ(d).

This proves the first inequality. The second inequality is clear for d ≤ 12.
If 13 ≤ d ≤ n1/3 then ϕ(d) ≥ 6, so we get O(n−1/3)6 ≪ n−2. Finally, if

d ≥ n1/3 then since ϕ(d) ≫ d/ log log d we get the much stronger bound

exp(−cn1/3/ log log n).
For the last part, obviously |Z| ≤ n. By applying this bound to the Galois

conjugates of Z it follows that

|NQ(ζ)/Q(Z)| ≤ |Z|nφ(d)−1.

On the other hand Z is an algebraic integer, so its norm is a nonzero integer
if Z ̸= 0 and it follows that |Z| ≥ n1−φ(d). □

Proposition 5.3. Let T ≥ 1 be a parameter. Let G be an abelian group of
order n and let f : G → {±1} be a uniformly random function. Let S be the

event that f̂(χ) = 0 for some χ ∈ Ĝ.

(0) P [S] ≪ (1 + n2)/n
1/2 + (n3 + n4 + n6)/n.

(1) P [µf ((0, δ)) > 0] ≪ (log n)−1 where δ = n−2 logn.

(2) E
[∫ 1/T

δ | log x| dµf

]
≪ T−1/2 log T.

(3) E
[∫∞

T | log x| dµf

]
≪ e−cT .
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(4) P
[
Sc ∧

∫
[1/T,T ]c | log x| dµf > T−1/4

]
≪ T−1/4 log T + (log n)−1.

Proof. (0) This follows immediately from the previous lemma and a union
bound:

P [S] ≤
∑
χ∈Ĝ

P
[
f̂(χ) = 0

]
≪ (n1 + n2)/n

1/2 + (n3 + n4 + n6)/n+ 1/n.

(1) Let χ ∈ f̂(χ) be a character of order d. If d ≤ log n then n−2 log(n) <

n1−ϕ(d) and by Lemma 5.2, it follows that |f̂(χ)|2/n /∈ (0, δ). On the other
hand if d ≥ log n then by Lemma 5.1 we have

P
[
|f̂(χ)|2/n ≤ δ

]
≪ δ + d−2n−1 log n ≪ (n log n)−1.

The result follows from a union bound over the characters of G.
(2) Let F (x) = | log(x)|[δ ≤ x ≤ 1/T ]. By summing over dyadic intervals

and applying Lemma 5.1, noting that the bound for real characters is strictly
larger than for d ≥ 3 in this parameter range,

E
[
F (|f̂(χ)|2/n)

]
≤

∑
δ≤t≤1/T
dyadic

| log(t/2)|P
[
|f̂(ω)|2/n ∈ [t/2, t]

]

≪
∑

δ≤t≤1/T
dyadic

| log(t/2)|
(
t1/2 + n−1/2

)

≪ T−1/2 log T + n−1/2(log n)5.

The second term is o(1), so this is O(T−1/2 log T ). Averaging over χ ∈ Ĝ
gives the claim.
(3) Let F (x) = (log x)[x ≥ T ]. By Hoeffding’s inequality (e.g., [TV10,

(1.3.5)]) applied to the real and imaginary parts separately, for any fixed

χ ∈ Ĝ and real number t > 0 we have

P
[
|f̂(χ)|2 ≥ tn

]
≪ e−t/4.

By summing over dyadic intervals it follows that

E
[
F (|f̂(χ)|2/n)

]
≤
∑
t≥T

dyadic

log(2t)P

[
|f̂(ω)|2

n
∈ [t, 2t]

]

≪
∑
t≥T

dyadic

log(2t)e−t/4 = O(e−cT ).

Averaging over χ ∈ Ĝ gives E
[∫

F dµf

]
= O(e−cT ).

(4) Combine (1)–(3) and Markov’s inequality. □
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6. Determinant

Let Gn be an abelian group of order n and let Mn ∈ Mat(Gn) be uniformly
random. Let f : Gn → {±1} be given by the first row of Mn. Let rn be the

index of Gn[2] in Gn. Let Sn be the event that f̂(χ) = 0 for some χ ∈ Ĝ.
Where Sc

n holds let

Ln = log(det(Mn)
2/nn)/n =

∫
log(x) dµf .

Theorem 1.4(1) is equivalent to the assertion that, for every ϵ > 0,

lim sup
n→∞

P [Sc
n ∧ |Ln + γ + (log 2)/rn| ≥ ϵ] ≤ ϵ. (6.1)

Theorem 1.1 is the special case that G is cyclic, in which case Sc
n tends to

1 and rn ≥ n/2. Pass to a subsequence realizing the limsup. Passing to a
further subsequence, we may assume rn converges to some r ∈ Z+ ∪ {∞}
and, by Proposition 4.2, we may also assume that µf converges weakly to
µ = (1− r−1)µC + r−1µR almost surely.

Let T ≥ 1 be a parameter and let

F (x) = max(− log T,min(log T, log x)).

Then F is a bounded continous function on [0,∞) such that

|F (x)− log x| ≤ | log x|([x < 1/T ] + [x > T ]).

Therefore∣∣∣∣∫ log x d(µf − µ)

∣∣∣∣ = ∣∣∣∣∫ F d(µf − µ) +

∫
(log x− F ) d(µf − µ)

∣∣∣∣
≤
∣∣∣∣∫ F d(µf − µ)

∣∣∣∣+ ∫
[1/T,T ]c

| log x|d(µf + µ).

Note that∫
[1/T,T ]c

| log x| dµ ≪

(∫ 1/T

0
+

∫ ∞

T

)(
e−t log t+ e−t/2t−1/2 log t

)
dt

≪ T−1/2 log T + e−T/2 log T.

Therefore if T is large enough then
∫
[1/T,T c] | log x| dµ ≤ ϵ/4. It follows that

P

[
Sc
n ∧

∣∣∣∣∫ log x d(µf − µ)

∣∣∣∣ ≥ ϵ/2

]
≤ P1 + P2,

where

P1 = P

[∣∣∣∣∫ F d(µf − µ)

∣∣∣∣ ≥ ϵ/8

]
,

P2 = P

[
Sc
n ∧

∫
[1/T,T ]c

| log x| dµf ≥ ϵ/8

]
.
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By Proposition 5.3(4),

P2 ≪ T−1/4 log T + (log n)−1,

so if T is a large enough constant and n is large enough we have P2 ≤ ϵ.
Finally, if T is fixed and n → ∞ then P1 → 0 since µf → µ weakly almost
surely. Thus

lim supP

[
Sc
n ∧

∣∣∣∣∫ log x d(µf − µ)

∣∣∣∣ ≥ ϵ/2

]
≤ ϵ.

By (3.1)–(3.2) we have∫
log x d(µf − µ) = Ln + γ + (log 2)/r.

Since rn → r, (6.1) follows. This completes the proofs of Theorem 1.4(1)
and Theorem 1.1.

7. Singularity

In this final section we study P [det(M) = 0]. By Proposition 5.3(0),

P [det(M) = 0] tends to zero unless n2 ≫ n1/2 or n3 + n4 + n6 ≫ n. The
following key calculation will enable us to complete the proof of Theorem 1.4
in full generality.

If χ ∈ Ĝ, the character χ−1 is defined by χ−1(g) = χ(−g) = χ(g). We say

χ1, . . . , χk ∈ Ĝ are independent if

G/
k⋂

i=1

kerχi
∼=

k∏
i=1

G/ kerχi.

Proposition 7.1. Let G be an abelian group of order n and let f : G → {±1}
be a uniformly random function. Let

H =
∑
g∈G

f(g) + 1

2
mod 6.

Let χ1, . . . , χk ∈ Ĝ be a collection of k = k2 + k3 + k4 + k6 characters, of
which kd have order d for d = 2, 3, 4, 6. Let

Z = (f̂(χ1), . . . , f̂(χk)).

(0) If k2 + k4 > 0 and h is odd or k3 > 0 and h is not divisible by 3 then

P [H = h, Z = 0] = 0.

(1) Assume χi ̸= χ±1
j for i ̸= j. Then

P [H = h, Z = 0] ≪k
1

nk2/2+k3+k4+k6
.
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(2) Assume χ1, . . . , χk are independent. If k2 + k4 > 0 assume h is even.
If k3 > 0 assume h is divisible by 3. Then for k fixed and n → ∞ we
have

P [H = h, Z = 0] ∼ 1

6

λk2
2 (2λ3)

k3(2λ4)
k4(2λ6)

k6

nk2/2+k3+k4+k6
.

Proof. Part (0) is easy to check. If f̂(χ) = 0 where χ has order 2 then the
ones of f must be evenly divided between χ(g) = 1 and χ(g) = −1, so H
must be even. Similarly if χ has order 4 then there must be equally many
ones on χ(g) = 1 as χ(g) = −1 as well as equally many ones on χ(g) = i as

χ(g) = −i. Finally, if χ has order 3 and f̂(χ) = 0 then we have∑
χ(g)=1

f(g) =
∑

χ(g)=ω

f(g) =
∑

χ(g)=ω2

f(g),

which implies that
∑

g∈G f(g) = 2H − n is divisible by 3. Since n also must
be divisible by 3 in this case, this implies that H is divisible by 3.

Now consider parts (1) and (2). Observe that (H,Z) takes values in the
lattice

L = Z/6Z× Zk2 × Z[ω]k3 × Z[i]k4 × Z[ω]k6

of

V = Z/6Z×Rk2 ×Ck3+k4+k6 ,

where ω = (−1 +
√
−3)/2. Let µ be the law of (H,Z). Then the Fourier

transform µ̂ : V → C is given by

µ̂(v) = E

e
−v0

6

∑
g∈G

f(g) + 1

2
−

k∑
i=1

⟨vi, f̂(χi)⟩


= E

e
−v0n/12−

∑
g∈G

f(g)

(
v0/12 +

k∑
i=1

⟨vi, χi(−g)⟩

)
= F (v)n/m,

where m is the order of Ḡ = G/
⋂k

i=1 kerχi and

F (v) = e(−v0m/12)
∏
g∈Ḡ

cos

(
2π

(
v0/12 +

k∑
i=1

⟨vi, χi(g)⟩

))
. (7.1)

Note that F is L⊥-periodic. By integrating over a fundamental domain for
L⊥ we get the Fourier inversion formula

P [H = h, Z = 0] =
1

vol(V/L⊥)

∫
V/L⊥

e(v0h/6)F (v)n/m dv. (7.2)

Here we normalize the measure on V so that vol(V/Zk) = 6.
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Our first step is to study F (v) in a neighbourhood of zero. Let Id be the
set of indices i such that χi has order d for d ∈ {2, 3, 4, 6}. For v ∈ V define

∥v∥2 =
∑
i∈I2

|vi|2 +
∑

i∈I3∪I4∪I6

|vi|2/2.

Let B = {v ∈ V : v0 = 0, ∥v∥ ≤ 1/(10k)}. By (5.2), (7.1), and orthogonality
of χ±1

1 , . . . , χ±1
k we have

F (v) = exp

−2π2
∑
g∈Ḡ

(
k∑

i=1

⟨vi, χi(g)⟩

)2

+Ok(∥v∥4)

 (v ∈ B)

= exp
(
−2π2m∥v∥2 +Ok(∥v∥4)

)
.

It follows by a scalar change of variables that∫
B
F (v)n/m dv =

∫
B
e−2π2n∥v∥2+Ok(n∥v∥4) dv

= n−k2/2−k3−k4−k6

∫
n1/2B

e−2π2∥v∥2+Ok(n
−1∥v∥4) dv.

By the dominated convergence theorem, the last integral converges to∫
V
e−2π2∥v∥2 dv =

(∫
R
e−2π2x2

dx

)k2(∫
C
e−π2|z|2 dz

)k3+k4+k6

= (2π)−k2/2π−k3−k4−k6 .

Thus ∫
B
F (v)n/m dv ∼ (2π)−k2/2π−k3−k4−k6

nk2/2+k3+k4+k6
. (7.3)

Next, consider the subgroup Λ ≤ V defined by |F (v)| = 1, namely

Λ =

{
v ∈ V : v0/12 +

k∑
i=1

⟨vi, χi(g)⟩ ∈
1

2
Z for all g ∈ Ḡ

}
.

Since Λ ≥ L⊥ and |F (v)| < 1 for 0 ̸= v ∈ B, it is clear that Λ is cocompact
and discrete, i.e., a lattice in V . We claim that F is actually Λ-periodic.
Since cos(2π(x+ 1/2)) = − cos(2πx) it is clear that |F (u+ v)| = |F (u)| for
u ∈ V and v ∈ Λ, and in fact the overall modulation is

e(−v0m/12)
∏
g∈Ḡ

e

(
v0/12 +

k∑
i=1

⟨vi, χi(g)⟩

)
= 1.

Thus we can simplify the formula (7.2). If e(v0h/6) is a nontrivial character
on Λ the result is P [H = h, Z = 0] = 0, and otherwise we get

P [H = h, Z = 0] =
1

vol(V/Λ)

∫
V/Λ

e(v0h/6)F (v)n/m dv.
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Since Λ depends only on F (and therefore on χ1, . . . , χk but not on n) and
|F (v)| < 1 for 0 ̸= v ∈ V/Λ, it follows from (7.3) that

P [H = h, Z = 0] ∼ vol(V/Λ)−1(2π)−k2/2π−k3−k4−k6

nk2/2+k3+k4+k6
. (7.4)

Since vol(V/Λ) ≍k 1, part (1) follows immediately.

Now assume that Ḡ ∼= Ck2
2 × Ck3

3 × Ck4
4 × Ck6

6 . Then v ∈ Λ if and only if

v0/12 +
∑
i∈I2

(−1)eivi +
∑
i∈I3

⟨ωei , vi⟩+
∑
i∈I4

⟨iei , vi⟩+
∑
i∈I6

⟨(−ω)ei , vi⟩ ∈
1

2
Z,

for all integers e1, . . . , ek. By considering individual changes in e1, . . . , ek we
find that v ∈ Λ if and only if

vi ∈
1

4
Z (i ∈ I2),

vi ∈
1

3
Z[ω] (i ∈ I3),

vi ∈
1

2
Z[i] + {0, (1 + i)/4} (i ∈ I4),

vi ∈ Z[ω] + {0,±(1 + 2ω)/3} (i ∈ I6),

and

v0/12 +
k∑

i=1

ℜ(vi) ∈
1

2
Z.

Since v0 ∈ Z/6Z, the last condition is equivalent to

v0 = −12

k∑
i=1

ℜ(vi).

Thus

vol(V/Λ) = 6 · 4−k2(6
√
3)−k38−k4(2

√
3)−k6 .

Moreover for v ∈ Λ we have

e(v0h/6) = e

(
−2h

k∑
i=1

ℜ(vi)

)
.

Since

2ℜ
(
1

4
Z

)
=

1

2
Z,

2ℜ
(
1

3
Z[ω]

)
=

1

3
Z,

2ℜ
(
1

2
Z[i] + {0, (1 + i)/4}

)
=

1

2
Z,

2ℜ(Z[ω] + {0,±(1 + 2ω)/3}) = Z,
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we find that e(v0h/6) defines a nontrivial character on Λ if and only if
k2 + k4 > 0 and h is odd or k3 > 0 and h is not divisible by 3. By combining
with (7.4) we deduce (2). □

We can now complete the proof of Theorem 1.4(2). Consider a sequence of
abelian groups G of order n tending to infinity. By passing to a subsequence
we may assume λ2n2/n

1/2 → x2 ∈ [0,∞] and λdnd/n → xd ∈ [0, 1] for
d ∈ {3, 4, 6}. Let f : G → {±1} be a random function. As in Proposition 7.1
let H be the number of ones modulo 6, and note that H tends to the uniform
distribution on Z/6Z.

By the proof of Proposition 5.3(0), with probability 1−O(1/n1/2) there

are no characters such that f̂(χ) = 0 apart from characters of order 2, 3, 4, 6.

Let X2 be the set of n2 characters χ ∈ Ĝ of order 2 and for d = 3, 4, 6 let
Xd ⊂ Ĝ be a set of cardinality nd/2 containing one of each conjugate pair of
characters of order d. Let Nd be the number of characters χ ∈ Xd such that
f̂(χ) = 0 and let N = N2 +N3 +N4 +N6.

First we argue that the P [N = 0] is bounded away from zero. Since
P [H = ±1] ∼ 1/3, it suffices to condition on this event, which implies N2 =
N3 = N4 = 0, so N = N6. Now by Proposition 7.1(2) with (k2, k3, k4, k6) =
(0, 0, 0, 1) we have

P [N6 > 0 | H = ±1] ≤ E [N6 | H = ±1] → x6 ≤ λ6.

Thus

P [N = 0] ≥ 1

3
P [N6 = 0 | H = 1]− o(1) ≥ (1− λ6)/3− o(1).

Note that (1− λ6)/3 = 0.149 . . . > 0.
Next, with the exception of the cases in which min(n2, n3) ≪ 1 and

n6 = n2n3 ≫ n, we claim that

P [N = 0 | H = h] →


e−x2−x3−x4−x6 : h = 0,

e−x2−x4−x6 : h = 2, 4,

e−x3−x6 : h = 3,

e−x6 : h = 1, 5.

(7.5)

First consider the case in which x2 < ∞. For any integers k2, k3, k4, k6 ≥ 0,
consider the mixed moment

E

[(
N2

k2

)(
N3

k3

)(
N4

k4

)(
N6

k6

)
| H = h

]
=

∑
χ1,...,χk

P
[⋂

(f̂(χi) = 0) | H = h
]
,

where the sum is taken over all k-tuples

(χ1, . . . , χk) ∈
(
X2

k2

)
×
(
X3

k3

)
×
(
X4

k4

)
×
(
X6

k6

)
.

The number of such tuples is(
n2

k2

)(
n3/2

k3

)(
n4/2

k4

)(
n6/2

k6

)
∼ nk2

2 (n3/2)
k3(n4/2)

k4(n6/2)
k6

k2!k3!k4!k6!
.
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If k2 + k4 > 0 assume h is even, and if k3 > 0 assume h is divisible by
3 (otherwise the moment is trivially zero). We claim that Proposition 7.1
implies that

E

[(
N2

k2

)(
N3

k3

)(
N4

k4

)(
N6

k6

)
| H = h

]
→ xk22 xk33 xk44 xk66

k2!k3!k4!k6!
. (7.6)

If xk22 xk33 xk44 xk66 = 0 then this follows from part (1), so assume xd > 0 for
each d such that kd > 0. Then almost all of the given k-tuples (χ1, . . . , χk)
are independent. Indeed, otherwise there is some nontrivial relation

χe1
1 · · ·χek

k = 1.

There are only Ok(1) possible relations, so it suffices to consider each one
individually. Suppose say χi has order d and e = ei is not divisible by d.
Note then xd > 0. We may assume e is a proper divisor of d. Then χe

i is
determined by the other χj , and the number of choices for χi given χe

i is at
most ne. We are done if e = 1 since n1 = 1. If d = 4 and e = 2 then since

n2 ≤ n
1/2
4 we get the bound n

−1/2
d , which tends to zero. Finally, if d = 6 and

e ∈ {2, 3} then we get the bound (n2 + n3)/n6, which tends to zero by our
technical hypothesis. Therefore, applying part (2) of Proposition 7.1 for the
independent k-tuples and part (1) for the others, we get the claimed limit
(7.6).

Since the Poisson distribution is determined by its moments, it follows
that (N | H = h) converges in distribution to

Pois(x2 + x4)[2 | h] + Pois(x3)[3 | h] + Pois(x6),

and this implies (7.5). Alternatively, more directly, one can use the Bonferroni
inequalities

K∑
k=0

(−1)k
(
N

k

)
≤ [N = 0] ≤

K+1∑
k=0

(−1)k
(
N

k

)
(K odd),

estimating E
[(

N
k

)
| H = h

]
using (7.6) and the binomial theorem.

Now assume x2 = ∞. The same analysis as above demonstrates that
(N | H = h) converges in distribution to Pois(x3)[3 | h] + Pois(x6) when h is
odd. Assume h is even. Then from Proposition 7.1 we have

E [N2 | H = h] ∼ λ2n2/n
1/2 → ∞

and

E [N2(N2 − 1) | H = h] ∼ λ2
2n2(n2 − 1)/n ∼ E [N2 | H = h]2,

so by Chebyshev’s inquality

P [N2 = 0 | H = h] ≤
E
[
N2

2 | H = h
]
−E [N2 | H = h]2

E [N2 | H = h]2

=
1

E [N2 | H = h]
+

E [N2(N2 − 1) | H = h]

E [N2 | H = h]2
− 1 → 0.
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Thus N is positive with probability 1 − o(1) whenever H is even. This
completes the proof.
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